The variational iteration method, a well-known method for solving functional equations, is employed to solve a class of eighth-order boundary-value problems, which govern scientific and engineering experimentations. Some special cases of the mentioned equations are solved as examples to illustrate the ability and reliability of the method. The results reveal that the method is very effective and convenient.
Introduction
The solution of nonlinear problems by analytical techniques is often rather difficult. Higher-order initialboundary-value problems arise in many engineering applications [1 -5] . Various numerical and analytical methods were proposed to solve such problems (see [6 -10] and references cited therein). Eighth-order differential equations govern physics of some hydrodynamic stability problems. When an infinite horizontal layer of fluid is heated from below and is subjected to rotation, instability is observed. When this instability starts as an overstability, it is modelled by an eighthorder ordinary differential equation [11] . Siddiqi and Twizell [12] used polynomial splines of degree six to solve some special cases of linear eighth-order boundary-value problems. However, the obtained results were divergent at points adjacent to the boundary. Twizell and his coworkers [13, 14] have also solved some other higher-order problems and encountered the same problems. Liu and Wu [15] , utilizing the generalized differential quadrature rule, have solved similar problems.
In this paper, a class of eighth-order boundaryvalue problems is considered. Four examples, solved in [12, 15] , are dealt with again to obtain accurate results in the entire domain via the variational iteration method. We consider the following class of eighthorder boundary-value problems:
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where u = u(x) and φ (x) and ψ(x) are continuous functions defined on [a, b] and the constants A i and B i are finite real numbers. Furthermore, we will apply the variational iteration method on the following example [16] :
with the boundary conditions
The article is organized as follows: Section 2 briefly reviews the mathematical basis of the variational iteration method used for this study. Five illustrative examples are documented in Section 3. These examples intuitively describe the ability and reliability of the method. A conclusion and future directions for research are all summarized in the last section.
The Variational Iteration Method
The basic concept of the variational iteration method is illustrated in [17 -22] , and applications of the method can be found in [6 -8, 23 -31] . We consider the general nonlinear system
where L = d 8 dx 8 , R is a linear operator, N the nonlinear term and ψ(x) a given continuous function. According to the variational iteration method, we can construct a correction functional in the form
where u 0 (x) is an initial approximation with possible unknowns, λ is a Lagrange multiplier which can be identified optimally via the variational theory, the subscript n denotes the nth approximation, andũ n is considered as a restricted variation, i. e., δũ n = 0.
For eighth-order boundary-value problems mentioned above, according to the variational iteration method, the nonlinear terms have to be considered as restricted variation. So we derive a correction functional as follows:
The stationary condition of the above correction functional can be expressed as
The Lagrange multiplier, therefore, can be identified as
As a result we obtain the iteration formula
In the above-mentioned iteration formula, we begin with an arbitrary initial approximation:
where a, b, c, d, k, f , g and h are constants to be determined.
Applications
In this section, we present five examples to show the efficiency and high accuracy of the present method. 3 )e x , and the boundary conditions [12, 15] 
Example 1
According to (3) we have the following iteration formula:
Now, we begin with the arbitrary initial approximation
where a, b, c, d, k, f , g and h are constants to be determined. By the variational iteration formula (5), we have 
Incorporating the boundary conditions (4) into u 1 (x) yields a linear system with 8 equations and 8 variables. Solving this linear system simultaneously, we have a
30 and h = −1 144 . Thus we obtain the first-order approximate solution As the same, we find u 2 (x) as follows:
This gives the solution in a closed form by
The first-order approximate solution is of remarkable accuracy. Comparison of the first-order approximate solution, u 1 (x), with the exact one is shown in Table 1 and Figure 1 .
Example 2
Consider (1) with
with the boundary conditions [12, 15] 
where a, b, c, d, k, f , g and h are constants to be determined. By the variational iteration formula (7), we have Incorporating the boundary conditions (6) 5040 . Thus we obtain the first-order approximate solution As the same, we find u 2 (x) as follows: This gives the solution in a closed form by (1 − x 2 )e x . The first-order approximate solution is of remarkable accuracy. Comparison of the first-order approximate solution, u 1 (x), with the exact one is shown in Table 2 and Figure 2 .
Example 3
Consider (1) 
where a, b, c, d, k, f , g and h are constants to be determined. By the variational iteration formula (9), we have Incorporating the boundary conditions (8) Similarly we can find u 2 (x) as follows: This gives the solution in a closed form by (x 2 − 1) sin(x). The first-order approximate solution is of remarkable accuracy. Comparison of the first-order approximate solution, u 1 (x), with the exact one is shown in Table 3 and Figure 3 .
Example 4
Consider (1) (10) According to (3) we have the iteration formula
where a, b, c, d, k, f , g and h are constants to be determined. By the variational iteration formula (11), we have Incorporating the boundary conditions (10) into u 1 (x) yields a linear system with 8 equations and 8 variables. Solving this linear system simultaneously, we have a
and h = 0. Thus we obtain the first-order approximate solution
Similarly we can find u 2 (x) as follows: This gives the solution in a closed form by (x 2 − 1) cos(x). The first-order approximate solution is of remarkable accuracy. Comparison of the first-order approximate solution, u 1 (x), with the exact one is shown in Table 4 and Figure 4 .
Example 5
In order to illustrate the effectiveness of the variational iteration method, we consider the nonlinear boundary-value problem [16] u (8) with the boundary conditions
(1) = e, u (4) (1) = e, u (6) (1) = e.
According to the variational iteration method we have the following iteration formula:
where a, b, c, d, k, f , g and h are constants to be determined. By the variational iteration formula (14), we obtain u 1 (x). Because of exhaustive computations, we do not write u 1 (x). Incorporating the boundary conditions (13) into u 1 (x) yields a linear system with 8 equations and 8 variables. Solving this linear system simultaneously, we have a = 1, b = 1, c = As the same, we find u 2 (x) as follows: This gives the solution in a closed form by e x . The first-order approximate solution is of remarkable accuracy. Comparison of the first-order approximate solution, u 1 (x), with the exact one is shown in Table 5 and Figure 5 .
Conclusions
We have studied some eighth-order boundary-value problems using the variational iteration method. The initial approximation was selected as a polynomial with unknown constants, which was determined by considering the boundary conditions. The results revealed that the method is remarkably effective. This method is a very promoting one, which will be certainly found widely applied.
